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Abstract
The aim of the present note is to show that the natural map from classical braids to virtual
braids is an inclusion; this proof does not use any complete invariants of classical braids; it is
based on the projection from virtual braids to classical braids (similar to the one given in [6]);
this projection is the identity map on the set of classical braids. The projection is well defined
not only for the virtual braid group but also for the quotient group of the virtual (pure) braid
group by the so-called virtualization move. The idea of this projection is closely related to the
notion of parity [5] and to the groups Gkn, introduced by the author [3].
Virtual braids are a natural generalization of classical braids. Classical
braids form a subgroup of the virtual braid group: if two classical braids
are equal in the virtual braid group, then they are equal as classical
braids. This fact was first given in [2]. In the present paper, we give
an elementary proof of a stronger statement. Namely, we prove that the
composition of the natural map from the classical (pure) braid group to
virtual (braid) group with a projection to some to some natural quotient
group of the virtual braid group is an inclusion.
Without loss of generality, we shall work with pure (classical and
virtual) braids only. Moreover, later we shall restrict ourselves to some
finite-index subgroup og the pure virtual braid group.
Let us fix a positive integer n. By a set of signs we mean an ordered
collection of signs: for each pair i, j of distinct integers from {1, . . . , n}
the number sij ∈ {±1} is defined, so that sij = −sji.
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We say that a set of signs is realizable if there exists such a set of
distinct real numbers Nj, j ∈ {1, . . . , n} for which sij = sign(Nj −Ni).
We say that for some set S of signs, two different indices i, j ∈
{1, . . . , n} are adjacent if for each k we have sik = sjk.
We define the pure virtual braid group PBn according to [1] as the
group having the following presentation:
The generators are
aij, 1 ≤ i 6= j ≤ n.
The relations are:
ai,jai,kaj,k = aj,kai,kai,j, i, j, k distinct;
ai,jak,l = ak,lai,j, i, j, k, l distinct;
Later on, we shall call words in aij braid-words. For letters in braid-
words, we say that the writhe number is +1 for all the generators:
w(ai,j) = +1, and we set w(a
−1
i,j ) = −1.
This group is isomorphic to the pure virtual braid group with its
standard presentation (see [1]).
We introduce the following important quotient group of the pure braid
group
P˜Bn = PBn/〈aij = aji〉, 1 ≤ i 6= j ≤ n;
we also define the group G2n to be the quotient group of PBn by the
relations a2ij = 1, see [3].
Having a braid-word β, we can represent it by a braid diagram as
follows. Let β consist of letters β1 · · · βk. The braid diagram will consist
of n strands each connecting the upper point (l, 1) to the lower point
(l, 0) for l = 1, . . . , n;
The natural map o from pure classical braid group to the group P˜Bn
is defined as follows. Given a pure classical n-strand braid b; let us
2
ji ij
Figure 1: The crossing corresponding to aij (left); the crossing corresponding to a
−1
ij (right)
enumerate the strands of b by natural numbers from 1 to n according to
their endpoints.
Note that unlike Artin’s local enumeration of strands, this enumeration
is global.
Let us start reading the classical crossings of b from the top to the
bottom. Assume the undercrossing strand approaches this crossing from
the top-right; then we denote the undercrossing line by j, denote the
overcrossing line by i, and associate with this crossing the generator aij.
If the undercrossing strand approaches this crossing from the top-left,
then we denote the undercrossing line by j, denote the ovecrossing line
by i, and associate with this crossing the generator a−1ij , see Fig. 1.
Note that the above description can be also thought of as the descrip-
tion of the presentation of pure virtual braids by its planar diagrams: we
ignore virtual crossings.
For each such classical crossing we write down the generator aij. Note
that no generators correspond to virtual crossings; we have written a
word in aij and a
−1
ij ; let us denote the resulting word by o(b); for more
details, see [1].
We say that two braid-words are virtualization-equivalent if they are
obtained from each other by a sequence of virtualizations, i.e., changes
aij → aji.
The geometrical interpretation of the virtualization move is shown in
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Figure 2: The virtualization move
Fig. 2.
Note that o(b) depends only on the combinatorial structure of classical
crossings only. We say that two virtual braids b, b′ are detour-equivalent
(or equal) if the two words o(b) and o(b′) coincide. Later on, we shall
not make any difference between detour-equivalent virtual braids; in
particular, we shall say that b is classical if there exists a classical braid
b′ which is detour-equivalent to b.
Note that when we apply a virtualization to a crossing, we do not
change the writhe number of the crossing but the overpass and underpass
strands change their roles.
By definition, virtualization-equivalent braid-words represent the same
element in the group P˜Bn.
The aim of the present paper is to prove the following
Theorem 1. The map o defines an inclusion of the classical n-strand
braid group to the group P˜Bn.
Let us first define the right action of the group G2n on S (and hence,
the actions of PBn and P˜Bn on S) according to the evident rule: the
generator aij switches the signs of sij and sji, and does not change the
other signs.
Let us fix the set B of signs corresponding to the set of numbers
1, 2, . . . , n, in such a way that sij = +1 if and only if j > i.
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s(1,2)=+1, s(1,3)=+1, s(2,3)=+1   1<2<3
(1,2)- (1,3)+ (2,3)+     2<1<3
(1,2)- (1,3)- (2,3)+       2<3<1
(1,2)+ (1,3)+ (2,3)+
(1,2)- (1,3)- (2,3)-        3<2<1
(1,2)+ (1,3)- (2,3)-      3<1<2
(1,2)+ (1,3)+ (2,3)-     1<3<2
(1,2)+ (1,3)+ (2,3)+
(1,2)+ (1,3)+ (2,3)+
(1,2)+ (1,3)- (2,3)+  :N
(1,2)+ (1,3)- (2,3)- :3<1<2
(1,2)+ (1,3)- (2,3)+: N
    1<2<3
Figure 3: A braid acting on a set of signs
Assume an element of the group PBn is given as a word β = β1β2 . . . βl
(here each βl is some aij or a
−1
ij ). This word will act on the set of
signs B on the right. More precisely, we shall consider the sets of signs
B, β1B, β2β1B, β3β2β1B . . . . Each classical generator deals with exactly
two indices. We say that a classical generator βj in the word β is good,
if its indices are adjacent in the word β¯B which precedes the action of
this generator. It is clear that these two strands will remain adjacent in
the word βjβ¯B that we obtain after the action of βj .
This action is illustrated in Fig. 3. In the left part, we show the action
of a classical (realizable) braid, and in the right hand side we show the
action of a virtual braid; in the left part, we show the realization at each
step; in the right part, s(1, 2) = +1, s(1, 3) = −1, s(2, 3) = +1 is not
realizable.
The main idea of the proof of the main theorem is that the property
of being “good” is closely related to the “weak parity” property widely
used in virtual knot theory [4]. Here classical braids are “even” and if
two “even” ones are equivalent then they are equivalent within even ones
(for more about parity, see [5]).
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More precisely, the following lemmas take place:
Lemma 1. Let β be a braid word, and assume it contains two neigh-
bouring letters aij and a
−1
i,j . Then the two corresponding crossings are
either both good or both bad.
Lemma 2. If a braid-word β admits a third Reidemeister move so that
the three adjacent letters βmβm+1βm+2 are transformed into β
′
m+2β
′
m+1β
′
m
then for each j = m,m + 1, m + 2 either both crossings βj, β
′
j are good
or both crossings are bad.
Moreover, among the three crossings βm, βm+1, βm+2 there number of
good crossings is 0, 1, or 3.
Proof. Let β = β¯βmβm+1βm+2β˜. Assume the strand numbers for βm, βm+1, βm+2
are (i, j), (i, k), (j, k) respectively. Assume βm is good; this means that
the strands (i, j) are adjacent after the action of β¯ on the standard set
of signs B. When we consider the crossing β ′n in β
′ = β¯β ′m+2β
′
m+1β
′
m, the
strands corresponding tho this crossing are adjacent as well because the
action of β ′m+2, β
′
m+1 changes the signs of (j, k) and (i, k) and does not
change other adjacencies.
The cases of pairs βm+1, β
′
m+1 and βm+2, β
′
m+2 are considered analo-
gously.
Now, we have to show that if two of the three crossings βm, βm+1, βm+2
are good, then so is the third one. We consider only one case. The other
cases are considered similarly.
Denote by Sp the collection of signs after the action of β¯. We assume
that the crossings βm and βm+1 are both good. Denote by S
′
p the collec-
tion of signs after the action of β¯βm. Then the indices i, j ∈ {1, . . . , n}
are adjacent in Sp and the indices i, k are adjacent in S
′
p. This means
that in S ′p the index i is adjacent to both j and k. In particular, this
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means that for each l 6= i, j, k: s′p(j, l) = s
′
p(i, l) = s
′
p(k, l). Thus, af-
ter the action of βm+1, j and k become adjacent, which means that the
crossing βm+2 is good.
From the definition, we get the following
Lemma 3. If a good crossing of some diagram does not take part in some
Reidemeister move, then it remains good after this move is performed.
Let us define the word d(β) as the word obtained from β by deleting
bad letters. According to the above, we get the following
Lemma 4. If β, β ′ are equal as elements of PBn then the words d(β), d(β
′)
are equal as elements of PBn.
If β, β ′ are equal as elements of P˜Bn, then d(β), d(β
′) are equal as
elements of P˜Bn.
Proof. Indeed, one has to check that the lemma holds for the case when
β ′ differs from β by a braid group relation. For the second Reidemeister
move, we use Lemmas 1, 3. For the third Reidemeister move, we use
Lemmas 2,3. Finally, if β ′ differs from β by a far commutativity relation
β = aijakl → aklaij = β
′ for all i, j, k, l distinct, then it suffices to see
that d(β) either coincides with d(β ′) or differs from d(β) by the same
relation aijakl → aklaij.
From the direct check we get the following
Lemma 5. Let β be a braid-word representing a pure virtual braid and
assume β acts trivially on the set of signs. If all letters of β are good
then β is virtualization-equivalent to a classical pure braid.
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Proof. The initial collection of indices B is realizable by definition. Let
β = β1 . . . βm. By construction, all collections β1B, β2β1B, . . . , βm · · · β1B
are realizable.
This means that we can construct the braid-word β ′ which is virtualization-
equivalent to β step-by step. At each step, we will have no virtual cross-
ings; thus, the resulting braid will be classical. Having constructed a
braid which is virtualization-equivalent to β1 · · · βj, we have to add a
crossing corresponding to βj. We know which strands it deals with; be-
sides, we know the writhe number of this crossing. So, at each step we get
a classical pure braid β ′ which is virtualization-equivalent to β1β2 · · · βk.
Since β (hence, β ′ and all intermediate braids) acts trivially on the set
of signs, all lower ends of the resulting braid are in their natural order:
1 < 2 < · · · < n.
Finally, we get a braid which is virtualizaiton-equivalent to β.
Summing up the above argument and iterating the map d, we obtain
an action dstab which maps braids from P˜Bn to pure braids which are
virtualization-equivalent to classical ones.
Note that the map d is not an idempotent on the set of diagrams
of pure virtual braids. Even in the case of the braid-word β with six
crossings a13a24a14a
−1
14 a
−1
24 a
−1
13 representing the trivial braid, we see that
the letters a14 and a
−1
14 are good, so, d(β) = a14a
−1
14 , and d
2(β) is the
empty word.
Now, assume β acts trivially on the set of signs B and let β = β1 →
· · · βk = β
′ be a sequence of braid-words from P˜Bn, where each two
adjacent braid-words are related by a relation from P˜Bn. Consider the
sequence of braid-words β = dstab(β) = dstab(β1) → · · · → d
stab(βk) =
dstab(β ′). Each two adjacent braid-words dstab(βl) and d
stab(βl+1) are
either identical or they are related by a relation from P˜Bn. Let β˜j be
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the classical braid-word which is virtualization-equivalent to dstab(βj) for
j = 1, · · · , k. We see that β˜l and β˜l+1 are either identical or related by
the same relation as dstab(βl), d
stab(βl+1). Since all β˜j are classical, we
get a sequence of classical Reidemeister moves from β to β ′.
This completes the proof of the main theorem.
I am very grateful to A. I.Gaudreau and I.M.Nikonov, D.P.Ilyutko,
and V.G.Bardakov for extremely useful comments improving the quality
of the text.
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